
ii. f2(‚)= f2(·)—2 (ÌÔÓ¿‰Â˜ 5)

‚. Y¿Ú¯ÂÈ ¤Ó·˜ ÙÔ˘Ï¿¯ÈÛÙÔÓ Í∈ (·, ‚), ÒÛÙÂ (·—‚)f(Í)f′(Í)=1
(ÌÔÓ¿‰Â˜ 9)

ŒÛÙˆ Û˘Ó¿ÚÙËÛË f, ‰‡Ô ÊÔÚ¤˜ ·Ú·ÁˆÁ›ÛÈÌË ÛÙÔ R ÌÂ Û˘ÓÂ¯‹ ‰Â‡ÙÂÚË 

·Ú¿ÁˆÁÔ Î·È Û‡ÓÔÏÔ ÙÈÌÒÓ ÙÔ ‰È¿ÛÙËÌ· [·, ‚], fiÔ˘ ·<0<‚.

N· ·Ô‰Â›ÍÂÙÂ fiÙÈ:

i. ˘¿Ú¯Ô˘Ó ‰‡Ô ÙÔ˘Ï¿¯ÈÛÙÔÓ ÛËÌÂ›· x1, x2 ÌÂ x1Þx2, ÒÛÙÂ 

f′(x1)=f′(x2)=0. (ÌÔÓ¿‰Â˜ 8)

£EMA 3Ô

MA£HMATIKA KATEY£YN™H™

A. ŒÛÙˆ f, g Û˘Ó·ÚÙ‹ÛÂÈ˜ ·Ú·ÁˆÁ›ÛÈÌÂ˜ ÛÙÔ ÛËÌÂ›Ô x0. N· ·Ô‰Â›ÍÂÙÂ fiÙÈ 
Ë Û˘Ó¿ÚÙËÛË f+g Â›Ó·È ·Ú·ÁˆÁ›ÛÈÌË ÛÙÔ x0 ÌÂ (f+g)′(x0) = f′(x0) + g′(x0)

(ÌÔÓ¿‰Â˜ 7)

B. H Û˘Ó¿ÚÙËÛË f:(0, +∞)±R ¤¯ÂÈ Î·Ù·ÎfiÚ˘ÊË ·Û‡ÌÙˆÙË ÙËÓ Â˘ıÂ›· 

x=0 Î·È Ï¿ÁÈ· ·Û‡ÌÙˆÙË ÙËÓ Â˘ıÂ›· y=2x—1. N· ‚ÚÂ›ÙÂ Ù· fiÚÈ·:

i. ii.

iii. [f(x)—2x] iv. f(x)
(ÌÔÓ¿‰Â˜ 8)

°. i. ŒÛÙˆ Û˘Ó¿ÚÙËÛË f ·Ú·ÁˆÁ›ÛÈÌË ÛÙÔ ÛËÌÂ›Ô x0. N· ·Ô‰Â›ÍÂÙÂ fiÙÈ Ë 

f Â›Ó·È Î·È Û˘ÓÂ¯‹˜ ÛÙÔ ÛËÌÂ›Ô x0. (ÌÔÓ¿‰Â˜ 3)

ii. MÂ Î·Ù¿ÏÏËÏÔ ·Ú¿‰ÂÈÁÌ· Ó· ÂÍËÁ‹ÛÂÙÂ ÁÈ·Ù› ‰ÂÓ ÈÛ¯‡ÂÈ ÙÔ 

·ÓÙ›ÛÙÚÔÊÔ ÙÔ˘ ·Ú·¿Óˆ ıÂˆÚ‹Ì·ÙÔ˜. (ÌÔÓ¿‰Â˜ 3)

iii. N· ‚ÚÂ›ÙÂ ÙÔ Â˘Ú‡ÙÂÚÔ ˘ÔÛ‡ÓÔÏÔ ÙÔ˘ R ÛÙÔ ÔÔ›Ô Â›Ó·È 

·Ú·ÁˆÁ›ÛÈÌË Ë Û˘Ó¿ÚÙËÛË:

f(x)= ∫ t2—1 dt (ÌÔÓ¿‰Â˜ 4)

A. ŒÛÙˆ Ô ÌÈÁ·‰ÈÎfi˜ z. N· ·Ô‰Â›ÍÂÙÂ fiÙÈ z∈ R ⇔ £z= z. (ÌÔÓ¿‰Â˜ 3)

B. H Û˘Ó¿ÚÙËÛË f Â›Ó·È ·Ú·ÁˆÁ›ÛÈÌË ÛÙÔ R Î·È ÁÈ· ÙÔ ÌÈÁ·‰ÈÎfi z ÌÂ 

Im(z)Þ0 ÈÛ¯‡Ô˘Ó:

z+ =f(·) Î·È z2+ =f2(‚)

fiÔ˘ ·, ‚∈ R ÌÂ · < ‚. 

N· ·Ô‰Â›ÍÂÙÂ fiÙÈ:

·. i.  H ÂÈÎfiÓ· M ÙÔ˘ z ÛÙÔ ÌÈÁ·‰ÈÎfi Â›Â‰Ô ·Ó‹ÎÂÈ ÛÂ Î‡ÎÏÔ ÌÂ Î¤ÓÙÚÔ 
ÙÔ O(0,0) Î·È ·ÎÙ›Ó· Ú=1. (ÌÔÓ¿‰Â˜ 8)
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ii. ˘¿Ú¯ÂÈ ¤Ó·˜ ÙÔ˘Ï¿¯ÈÛÙÔÓ ·ÚÈıÌfi˜ x3∈ R, ÒÛÙÂ f′′ (x3)=0.
(ÌÔÓ¿‰Â˜ 5)

iii. H ÂÍ›ÛˆÛË f(x)+f′(x)f′′ (x)=0 ¤¯ÂÈ ÌÈ· ÙÔ˘Ï¿¯ÈÛÙÔÓ Ú›˙· ÛÙÔ R.
(ÌÔÓ¿‰Â˜ 5)

iv. H ÂÍ›ÛˆÛË f′′ (x)+[f′(x)]2=0, ¤¯ÂÈ ÌÈ· ÙÔ˘Ï¿¯ÈÛÙÔÓ Ú›˙· ÛÙÔ R.
(ÌÔÓ¿‰Â˜ 7)

¢›ÓÂÙ·È Û˘Ó¿ÚÙËÛË f Û˘ÓÂ¯‹˜ ÛÙÔ ‰È¿ÛÙËÌ· ¢=(0, +∞), ÁÈ· ÙËÓ ÔÔ›· 

ÈÛ¯‡ÂÈ f(x) Þ 1 Î·È

f(x)= +∫ [1—f( )]2dt      ÁÈ· Î¿ıÂ x>0

Î·È Ë Û˘Ó¿ÚÙËÛË 

g(x)= +x,  x>0.

N· ·Ô‰Â›ÍÂÙÂ fiÙÈ:

i. H f Â›Ó·È ÁÓËÛ›ˆ˜ ·‡ÍÔ˘Û· ÛÙÔ ¢. (ÌÔÓ¿‰Â˜ 10)

ii. H g Â›Ó·È ÛÙ·ıÂÚ‹ ÛÙÔ ¢. (ÌÔÓ¿‰Â˜ 5)

iii. O Ù‡Ô˜ ÙË˜ f Â›Ó·È f(x)= ,  x>0 Î·È ‚ÚÂ›ÙÂ ÙÔ Û‡ÓÔÏÔ ÙÈÌÒÓ ÙË˜ f(¢).
(ÌÔÓ¿‰Â˜ 7)

iv. N· ˘ÔÏÔÁ›ÛÂÙÂ ÙÔ (ÌÔÓ¿‰Â˜ 5)

A. i. ŒÛÙˆ Û˘Ó¿ÚÙËÛË f Û˘ÓÂ¯‹˜ Û’ ¤Ó· ‰È¿ÛÙËÌ· ¢. AÓ F(x) Â›Ó·È ÌÈ· 

·Ú¿ÁÔ˘Û· ÙË˜ f ÛÙÔ ¢, Ó· ·Ô‰Â›ÍÂÙÂ fiÙÈ fiÏÂ˜ ÔÈ ·Ú¿ÁÔ˘ÛÂ˜ ÙË˜ f 

ÛÙÔ ¢ Â›Ó·È ÙË˜ ÌÔÚÊ‹˜: G(x)=F(x) + c (ÌÔÓ¿‰Â˜ 6)

ii. N· ·Ô‰Â›ÍÂÙÂ fiÙÈ

·) ∫xg′′ (x)dx= xg′(x) — g(x) + c

‚) ∫ g(·—x)dx= ∫ g(x)dx

ÌÂ ÙËÓ ˘fiıÂÛË fiÙÈ ·∈ R Î·È g ÙÚÂÈ˜ ÊÔÚ¤˜ ·Ú·ÁˆÁ›ÛÈÌË ÛÙÔ R.

(ÌÔÓ¿‰Â˜ 6)

B. i. ŒÛÙˆ ÌÈ· Û˘Ó¿ÚÙËÛË f Û˘ÓÂ¯‹˜ Û’ ¤Ó· ‰È¿ÛÙËÌ· ¢ ÌÂ f′(x)=0 ÛÂ 

Î¿ıÂ ÂÛˆÙÂÚÈÎfi ÛËÌÂ›Ô ÙÔ˘ ¢. N· ·Ô‰Â›ÍÂÙÂ fiÙÈ Ë f Â›Ó·È ÛÙ·ıÂÚ‹ 

ÛÙÔ ¢. (ÌÔÓ¿‰Â˜ 5)

ii. N· ‰È·Ù˘ÒÛÂÙÂ ÙÔ ıÂÒÚËÌ· ÙÔ˘ Fermat. (ÌÔÓ¿‰Â˜ 5)

iii. ŒÛÙˆ Û˘Ó¿ÚÙËÛË f Û˘ÓÂ¯‹˜ ÛÙÔ ¢ Î·È ·Ú·ÁˆÁ›ÛÈÌË ÛÙÔ 

ÂÛˆÙÂÚÈÎfi ÙÔ˘ ¢. ¶fiÙÂ Ï¤ÌÂ fiÙÈ Ë f Â›Ó·È Î˘ÚÙ‹ ÛÙÔ ¢; (ÌÔÓ¿‰Â˜ 3)
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ŒÛÙˆ Û˘Ó¿ÚÙËÛË f Û˘ÓÂ¯‹˜ ÛÙo [1, 2] Î·È ·Ú·ÁˆÁ›ÛÈÌË ÛÙÔ (1, 2) ÌÂ 

·Ú¿ÁˆÁÔ ÁÓËÛ›ˆ˜ ·˘ÍÔ‡Û· ÛÙÔ (1, 2) .

AÓ f(1) = f(2) = 0, Ó· ·Ô‰Â›ÍÂÙÂ fiÙÈ:

i. Y¿Ú¯ÂÈ ÌÔÓ·‰ÈÎfi˜ ·ÚÈıÌfi˜ Í∈ (1, 2) ÒÛÙÂ f′(Í) = 0. (ÌÔÓ¿‰Â˜ 8)

ii. H f ·ÚÔ˘ÛÈ¿˙ÂÈ ÂÏ¿¯ÈÛÙÔ ÛÙÔ ÛËÌÂ›Ô x0 = Í. (ÌÔÓ¿‰Â˜ 9)

iii. IÛ¯‡ÂÈ f(x)<0 ÁÈ· Î¿ıÂ x∈ (1, 2). (ÌÔÓ¿‰Â˜ 8)

¢›ÓÂÙ·È Ô ÌÈÁ·‰ÈÎfi˜ z Î·È ¤ÛÙˆ f(z) = ,   zÞ1  

·) N· ‚ÚÂ›ÙÂ ÙÔ Ì¤ÙÚÔ ÙÔ˘ ÌÈÁ·‰ÈÎÔ‡ f(2). (ÌÔÓ¿‰Â˜ 3)

‚) N· ·Ô‰Â›ÍÂÙÂ fiÙÈ Ô ·ÚÈıÌfi˜ w= [f(2)]2004 Â›Ó·È Ú·ÁÌ·ÙÈÎfi˜.
(ÌÔÓ¿‰Â˜ 5)

Á) N· ·Ô‰Â›ÍÂÙÂ fiÙÈ: ) ) = |z| .                                    (ÌÔÓ¿‰Â˜ 8)

‰) AÓ |z| = 1 Î·È M Â›Ó·È Ë ÂÈÎfiÓ· ÙÔ˘ f(z) ÛÙÔ ÌÈÁ·‰ÈÎfi Â›Â‰Ô, Ó· 

·Ô‰Â›ÍÂÙÂ fiÙÈ ÙÔ M ·Ó‹ÎÂÈ ÛÂ Â˘ıÂ›·, ÙË˜ ÔÔ›·˜ Ó· ‚ÚÂ›ÙÂ ÙËÓ ÂÍ›ÛˆÛË.
(£¤Ì· ¶ÚÔÛÔÌÔ›ˆÛË˜ 2001) (ÌÔÓ¿‰Â˜ 9)

¢›ÓÂÙ·È Ë Û˘Ó¿ÚÙËÛË f: R±R ÁÈ· ÙËÓ ÔÔ›· ÈÛ¯‡ÂÈ Ë ÈÛfiÙËÙ·

∫ dt = x, ÁÈ· Î¿ıÂ x∈ R .

·) N· ·Ô‰Â›ÍÂÙÂ fiÙÈ:

i. H ÙÈÌ‹ ÙË˜ f ÛÙÔ x0=0 Â›Ó·È f(0) = 0. (ÌÔÓ¿‰Â˜ 3)

ii. H f Â›Ó·È ÁÓËÛ›ˆ˜ ·‡ÍÔ˘Û· ÛÙÔ R. (ÌÔÓ¿‰Â˜ 7)

‚) N· ‚ÚÂ›ÙÂ ÙÈ˜ ÙÈÌ¤˜ ÙÔ˘ Î∈ R ÁÈ· ÙÈ˜ ÔÔ›Â˜ ·ÏËıÂ‡ÂÈ Ë ·Ó›ÛˆÛË

∫ dt > 0.
(ÌÔÓ¿‰Â˜ 5)

Á) AÓ ÂÈÏ¤ÔÓ Ë f Â›Ó·È Û˘ÓÂ¯‹˜ ÛÙÔ R, Ó· ‰Â›ÍÂÙÂ fiÙÈ f′(0) = 1.
(ÌÔÓ¿‰Â˜ 10)
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A. i) ŒÛÙˆ ÔÈ ÌÈÁ·‰ÈÎÔ› z1 Î·È z2. N· ·Ô‰Â›ÍÂÙÂ fiÙÈ:

·) Zz1?z2Z = Zz1Z?Zz2Z

‚) z1 + z2 = z1 + z2

(ÌÔÓ¿‰Â˜ 7)

ii) N· ¯·Ú·ÎÙËÚ›ÛÂÙÂ ÙÈ˜ ·Ú·Î¿Ùˆ ÚÔÙ¿ÛÂÈ˜ ˆ˜ ™ˆÛÙ¤˜ (™) ‹ 

Ï·Óı·ÛÌ¤ÓÂ˜ (§).

·) ŒÛÙˆ z1, z2 ‰‡Ô ÌÈÁ·‰ÈÎÔ›. AÓ Zz1Z = Zz2Z ÙfiÙÂ z1 = ± z2

‚) AÓ ÔÈ ·ÚÈıÌÔ› Î, Ï Â›Ó·È ıÂÙÈÎÔ› ·Î¤Ú·ÈÔÈ, ÙfiÙÂ ÈÛ¯‡ÂÈ ¿ÓÙÔÙÂ Ë 

ÈÛÔ‰˘Ó·Ì›·:

iÎ = iÏ ⇔ Î = Ï

Á) TÔ Û‡ÓÔÏÔ ÙˆÓ ÂÈÎfiÓˆÓ ÙˆÓ ÌÈÁ·‰ÈÎÒÓ z ÁÈ· ÙÔ˘˜ ÔÔ›Ô˘˜ ÈÛ¯‡ÂÈ 

Û¯¤ÛË: Zz+3iZ= Z2+3iZ Â›Ó·È Î‡ÎÏÔ˜.
(ÌÔÓ¿‰Â˜ 6)

B. i) ŒÛÙˆ Û˘Ó¿ÚÙËÛË f, Ë ÔÔ›· ·ÚÔ˘ÛÈ¿˙ÂÈ ·ÎÚfiÙ·ÙÔ ÛÙÔ ÂÛˆÙÂÚÈÎfi 

ÛËÌÂ›Ô x0 ÙÔ˘ Â‰›Ô˘ ÔÚÈÛÌÔ‡ ÙË˜ Î·È Â›Ó·È ·Ú·ÁˆÁ›ÛÈÌË ÛÙÔ x0. N· 

·Ô‰Â›ÍÂÙÂ fiÙÈ f′(x0)=0.
(ÌÔÓ¿‰Â˜ 6)

ii) N· ¯·Ú·ÎÙËÚ›ÛÂÙÂ ÙÈ˜ ·Ú·Î¿Ùˆ ÚÔÙ¿ÛÂÈ˜ ˆ˜ ÛˆÛÙ¤˜ (™) ‹ 

Ï·Óı·ÛÌ¤ÓÂ˜ (§).

·) ŒÛÙˆ Û˘Ó¿ÚÙËÛË f Û˘ÓÂ¯‹˜ ÛÙÔ ‰È¿ÛÙËÌ· [1, 2] ÌÂ f(1) = 3 Î·È 

f(2) = 5 ÙfiÙÂ ‰ÂÓ ˘¿Ú¯ÂÈ x0∈ (1, 2) ÒÛÙÂ f(x0) = 0.

‚) ŒÛÙˆ Û˘Ó¿ÚÙËÛË f ·Ú·ÁˆÁ›ÛÈÌË Î·È ÁÓËÛ›ˆ˜ ·‡ÍÔ˘Û· ÛÙÔ R. 

TfiÙÂ ‰ÂÓ ˘¿Ú¯ÂÈ x0∈ R ÒÛÙÂ f′(x0)=0.
(ÌÔÓ¿‰Â˜ 6)

H Û˘Ó¿ÚÙËÛË f ÌÂ 

f(x) = x3 + ·x2 + ‚x + Á, x∈ R

fiÔ˘ Ù· ·, ‚, Á Â›Ó·È Ú·ÁÌ·ÙÈÎÔ› ·ÚÈıÌÔ›, ¤¯ÂÈ Ú›˙Â˜ ÙÔ˘˜ ·ÚÈıÌÔ‡˜ 

x1, x2, x3 ∈ R ÌÂ x1 < x2 < x3 .

N· ·Ô‰Â›ÍÂÙÂ fiÙÈ:

·) Y¿Ú¯Ô˘Ó ·ÎÚÈ‚Ò˜ ‰‡Ô ‰È·ÊÔÚÂÙÈÎ¿ ÌÂÙ·Í‡ ÙÔ˘˜ ÛËÌÂ›· Í1, Í2 ÛÙ· ÔÔ›·   

Ë f ·ÚÔ˘ÛÈ¿˙ÂÈ ÙÔÈÎ¿ ·ÎÚfiÙ·Ù·. (ÌÔÓ¿‰Â˜ 8)

‚) IÛ¯‡ÂÈ ·2 > 3‚. (ÌÔÓ¿‰Â˜ 5)

Á) °È· Ù·  Í1, Í2 Â›Ó·È f′′ (Í1) + f′′ (Í2) = 0. (ÌÔÓ¿‰Â˜ 5)
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‰) H f ¤¯ÂÈ ·ÎÚÈ‚Ò˜ ¤Ó· ÛËÌÂ›Ô Î·Ì‹˜ ÙÔ˘ ÔÔ›Ô˘ Ë ÙÂÙÌËÌ¤ÓË ‚Ú›ÛÎÂÙ·È 

ÌÂÙ·Í‡ ÙˆÓ Í1, Í2. (ÌÔÓ¿‰Â˜ 7)

¢›ÓÂÙ·È Ë Û˘Ó¿ÚÙËÛË f, ÔÚÈÛÌ¤ÓË ÛÙÔ R, ÌÂ Ù‡Ô 

f(x) = 

fiÔ˘ z Û˘ÁÎÂÎÚÈÌ¤ÓÔ˜ ÌÈÁ·‰ÈÎfi˜ ·ÚÈıÌfi˜ ÌÂ z = · +i‚,   ·, ‚∈ R,   ·Þ0.

·) N· ‚ÚÂ›ÙÂ Ù· fiÚÈ· f(x), f(x).                                  (ÌÔÓ¿‰Â˜ 8)

‚) N· ‚ÚÂ›ÙÂ Ù· ·ÎÚfiÙ·Ù· ÙË˜ f, Â¿Ó Zz+1Z>Zz—1Z. (ÌÔÓ¿‰Â˜ 9)

Á) N· ‚ÚÂ›ÙÂ ÙÔ Û‡ÓÔÏÔ ÙÈÌÒÓ ÙË˜ f Î·È ÙÔ Ï‹ıÔ˜ ÙˆÓ ÚÈ˙ÒÓ ÙË˜.

(£¤Ì· ¶·ÓÂÏÏËÓ›ˆÓ EÍÂÙ¿ÛÂˆÓ IÔ‡ÏÈÔ˜ 2002) (ÌÔÓ¿‰Â˜ 8)

H Û˘Ó¿ÚÙËÛË f Â›Ó·È ·Ú·ÁˆÁ›ÛÈÌË ÛÙÔ R ÌÂ f(0) = 1 Î·È

f′(x) = , ÁÈ· Î¿ıÂ x∈ R.

A. N· ·Ô‰Â›ÍÂÙÂ fiÙÈ:

i) °È· Î¿ıÂ x∈ R ÈÛ¯‡ÂÈ

f 3(x) + f(x) = x + 2 (ÌÔÓ¿‰Â˜ 7)

ii) H f ·ÓÙÈÛÙÚ¤ÊÂÙ·È ÌÂ ·ÓÙ›ÛÙÚÔÊË

f -1(x)= x3 +x — 2,  x∈ R (ÌÔÓ¿‰Â˜ 4)

iii)H ÙÈÌ‹ ÙË˜ f ÛÙÔ x0 =—2 Â›Ó·È f(—2) = 0. (ÌÔÓ¿‰Â˜ 2)

B. N· ‚ÚÂ›ÙÂ Ù· ÛËÌÂ›· Î·Ì‹˜ ÙË˜ f. (ÌÔÓ¿‰Â˜ 5)

°. N· ˘ÔÏÔÁÈÛÙÂ› ÙÔ ÂÌ‚·‰fiÓ ÙÔ˘ ¯ˆÚ›Ô˘ Ô˘ ÔÚ›˙ÂÙ·È ·fi ÙË ÁÚ·ÊÈÎ‹ 

·Ú¿ÛÙ·ÛË ÙË˜ f, ÙÔ˘˜ ¿ÍÔÓÂ˜ x′x, y′y Î·È ÙË ÁÚ·ÌÌ‹ x =—2.
(ÌÔÓ¿‰Â˜ 7)
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A. £ÂˆÚ›·

B. i. =2

ii. =0 [ÁÈ·Ù› f(x)=+∞ ‹ —∞ Î·È (2x—1)=—1]

iii. [f(x)—2x]=—1

iv. ŒÛÙˆ g(x)= ⇔ f(x)=xg(x) ÌÂ g(x)=2 (·fi i) ÙfiÙÂ:

f(x) = xg(x) = +∞

°. i. £ÂˆÚ›·

ii. £ÂˆÚ›·

iii. H Û˘Ó¿ÚÙËÛË g(x)=  t2—1 Â›Ó·È Û˘ÓÂ¯‹˜ ÛÙÔ (—∞, —1]∪ [1, +∞) Î·È 

—2∈ (—∞, —1]. ÕÚ·, Ë Û˘Ó¿ÚÙËÛË 

h(x)= ∫ t2—1dt

Â›Ó·È ·Ú·ÁÒÁÈÌË ÛÙÔ (—∞, —1]. E›ÛË˜ Ë Û˘Ó¿ÚÙËÛË Ê(x)=x+3 

Â›Ó·È ·Ú·ÁˆÁ›ÛÈÌË ÛÙÔ R.EÔÌ¤Óˆ˜, Ë

f(x)= ∫ t2—1dt=h(Ê(x))

Â›Ó·È ·Ú·ÁˆÁ›ÛÈÌË ÁÈ·
x∈ R Î·È Ê(x)∈ (—∞, —1] 

¿Ú·                    x+3ø—1 ⇔ xø—4 . 

ŒÙÛÈ, Ë f Â›Ó·È ·Ú·ÁˆÁ›ÛÈÌË ÛÙÔ ¢=(—∞, —4].

A. ŒÛÙˆ z=·+‚i, ÌÂ ·, ‚∈ R. TfiÙÂ £z=·—‚i. EÔÌ¤Óˆ˜:

£z =z ⇔ ·—‚i=·+‚i ⇔ 2‚i=0 ⇔ ‚=0 ⇔ z∈ R .

B. ·. i. AÊÔ‡ z+ =f(·) Â›Ó·È z+ ∈ R ÔfiÙÂ z+ =sz+ d⇔ 

z+ = £z+ ⇔ z2£z+£z—z£z 2—z=0 ⇔ (z£z—1)(z—£z)=0

⇔ z£z = 1    ‹   z = £z

⇔ |z|2 = 1  ‹    z∈ R 

AÊÔ‡ fiÌˆ˜ Im(z)Þ0 Ë ÂÚ›ÙˆÛË  z∈ R ·ÔÚÚ›ÙÂÙ·È. ÕÚ· |z|2 = 1 ⇔ |z| =1 
Ô˘ ·Ô‰ÂÈÎÓ‡ÂÈ fiÙÈ Ë ÂÈÎfiÓ· ÙÔ˘ z ·Ó‹ÎÂÈ ÛÙÔ ÌÔÓ·‰È·›Ô Î‡ÎÏÔ.

1
£z

1
z

1
z

1
z

1
z

1
z
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—2

x

—2

øim
x±+∞

øim
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øim
x±+∞

f(x)
x

øim

øim
x±0+

øim
x±0+

2x—1
f(x)

øim
x±0+

f(x)
x

øim
x±+∞
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ii. f2(·)—2=sz+ d2

—2= z2 + 2z + —2 = z2 + =f2(‚)

‚. £ÂˆÚÔ‡ÌÂ ÙË Û˘Ó¿ÚÙËÛË g(x)=f2(x), Ë ÔÔ›· Â›Ó·È ÚÔÊ·ÓÒ˜ 

·Ú·ÁˆÁ›ÛÈÌË ÛÙÔ R, ÌÂ g′(x)=2f(x)f′(x). Afi ÙÔ ıÂÒÚËÌ· M¤ÛË˜ 

TÈÌ‹˜ ÛÙÔ ‰È¿ÛÙËÌ· [·, ‚], ¤¯Ô˘ÌÂ fiÙÈ: ˘¿Ú¯ÂÈ Í∈ (·, ‚) ÒÛÙÂ

g′(Í)= ⇔ 2f(Í)f′(Í)=

⇔ 2(‚—·)f(Í)f′(Í)=—2 ⇔ (·—‚)f(Í)f′(Í)=1.

i. AÊÔ‡ Ë f ¤¯ÂÈ Û‡ÓÔÏÔ ÙÈÌÒÓ [·, ‚], ·ÚÔ˘ÛÈ¿˙ÂÈ ÂÏ¿¯ÈÛÙË ÙÈÌ‹ ·, ‰ËÏ. 

˘¿Ú¯ÂÈ x1∈ R ÒÛÙÂ  f(x1)=· (1)   Î·È Ì¤ÁÈÛÙË ÙÈÌ‹ ‚, ‰ËÏ. ˘¿Ú¯ÂÈ x2∈ R

ÒÛÙÂ   f(x2)=‚ (2).   EÂÈ‰‹ Ë f Â›Ó·È ·Ú·ÁˆÁ›ÛÈÌË ÛÙÔ R, ·fi ÙÔ 

ıÂÒÚËÌ· Fermat ¤¯Ô˘ÌÂ f′(x1)=0 Î·È f′(x2)=0. ¶ÚÔÊ·ÓÒ˜ x1Þx2.

ii. ŒÛÙˆ .¯.  x1<x2.   H f′ Â›Ó·È Û˘ÓÂ¯‹˜ ÛÙÔ [x1, x2] Î·È ·Ú·ÁˆÁ›ÛÈÌË ÛÙÔ 
(x1, x2) ÌÂ f′(x1)=f′(x2)=0. Afi ÙÔ ıÂÒÚËÌ· Rolle, ˘¿Ú¯ÂÈ x3∈ (x1, x2) 
ÒÛÙÂ f′′ (x3)=0. 

iii. H Û˘Ó¿ÚÙËÛË g(x)=f(x)+f′(x)f′′ (x) Â›Ó·È Û˘ÓÂ¯‹˜ ÛÙÔ [x1, x2] ÌÂ

g(x1)=f(x1)+f′(x1)f′′ (x1) = ·<0  Î·È  g(x2)=f(x2)+f′(x2)f′′ (x2) = ‚>0.

Afi ÙÔ ıÂÒÚËÌ· Bolzano ˘¿Ú¯ÂÈ Í∈ (x1, x2) ÌÂ g(Í)=0. TÔ Í Â›Ó·È Ú›˙· 

ÙË˜ ‰ÔÛÌ¤ÓË˜ ÂÍ›ÛˆÛË˜.

iv. H Û˘Ó¿ÚÙËÛË h(x)=f′(x)ef(x) Â›Ó·È Û˘ÓÂ¯‹˜ ÛÙÔ [x1, x2] Î·È ·Ú·ÁˆÁ›ÛÈÌË 

ÛÙÔ (x1, x2) ÌÂ h′(x) = f′′ (x)ef(x) + f′(x)[ef(x)]′ = ef(x)[f′′ (x)+ (f′(x))2]

E›ÛË˜ h(x1)=f′(x1)ef(x1) = 0 Î·È h(x2)=f′(x2)ef(x2) = 0. Afi ÙÔ ıÂÒÚËÌ·

Rolle, ˘¿Ú¯ÂÈ Í∈ (x1, x2) ÒÛÙÂ h′(Í)=0 ⇔ f′′ (Í)+ (f′(Í))2=0. 

i. £¤Ùˆ =u ⇔ t=xu ¿Ú· dt=xdu. °È· t=x Â›Ó·È u=1 Î·È ÁÈ· t=x2 Â›Ó·È u=x.

ŒÙÛÈ, f(x)= +∫ [1—f(u)]2xdu = +∫ [1—f(u)]2du

EÔÌ¤Óˆ˜ Ë f Â›Ó·È ·Ú·ÁˆÁ›ÛÈÌË ÛÙÔ ¢ ÌÂ

f′(x) =1 +∫ [1—f(u)]2du2′= [1—f(x)]2 >0               (1)

ÕÚ· Ë f  Â›Ó·È ÁÓËÛ›ˆ˜ ·‡ÍÔ˘Û·.

ii. H g Â›Ó·È ÚÔÊ·ÓÒ˜ ·Ú·ÁˆÁ›ÛÈÌË  ÌÂ 

g′(x)=( +x)′ = +1 = —1+1=0.

ÕÚ· Ë g Â›Ó·È ÛÙ·ıÂÚ‹ ÛÙÔ ¢.

—f′(x)
[f(x)—1]2

1
f(x)—1

x

1

1
2

x

1

1
2

1
x

x

1

1
2

t
x
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f2(‚)—f2(·)
‚—·

g(‚)—g(·)
‚—·

1
z2

1
z2

1
z

1
z



iii. °È· x=1 Â›Ó·È f(1) = +∫ [1—f(u)]2du = ÔfiÙÂ g(1)= +1 =

+1 =—2+1 = —1 Î·È ·ÊÔ‡ Ë g Â›Ó·È ÛÙ·ıÂÚ‹, ¤¯Ô˘ÌÂ

g(x)=—1  ÁÈ· Î¿ıÂ x>0. 

g(x)=—1 ⇔ +x = —1 ⇔ = —x—1 ⇔ f(x)=

E›ÛË˜ = 0 Î·È = 1  

OfiÙÂ               f(¢)=( f(x), f(x))=(0, 1)

iv. = =

= = =1.

A. i. £ÂˆÚ›·

ii. ·) ∫xg′′ (x)dx= ∫x[g′(x)]′dx= xg′(x) — ∫g′(x)dx= xg′(x) — g(x)+c

‚) MÂ ÙËÓ ·ÓÙÈÎ·Ù¿ÛÙ·ÛË u = · — x Â›Ó·È: dx = — du Î·È 

∫ g(·—x)dx = —∫ g(u)du = ∫ g(u)du = ∫ g(x)dx.

B. £ÂˆÚ›·

i. ¶ÚÔÊ·ÓÒ˜, ÈÛ¯‡ÂÈ ÙÔ ıÂÒÚËÌ· ÙÔ˘ Rolle ÁÈ· ÙËÓ f ÛÙÔ [ 1, 2], ÔfiÙÂ 
˘¿Ú¯ÂÈ Í∈ (1, 2) ÌÂ f′(Í) = 0. TÔ Í Â›Ó·È ÌÔÓ·‰ÈÎfi ÁÈ·Ù› Ë f′ Â›Ó·È  ÁÓËÛ›ˆ˜ 
·‡ÍÔ˘Û·.

ii. °È· x<Í Â›Ó·È f′(x)< f′(Í) ⇔ f′(x) < 0 Î·È ÁÈ· x>Í Â›Ó·È f′(x)> f′(Í) ⇔
f′(x) > 0, ÔfiÙÂ Ë f ¤¯ÂÈ ÂÏ¿¯ÈÛÙÔ ÛÙÔ x0=Í, ÁÈ·Ù› Â›Ó·È Û˘ÓÂ¯‹˜ Û’ ·˘Ùfi 
Î·È ÂÎ·Ù¤Úˆı¤Ó ÙÔ˘ ·ÏÏ¿˙ÂÈ ÚfiÛËÌÔ.

iii. Afi ÙÔ (ii) ÂÚÒÙËÌ· ÚÔÎ‡ÙÂÈ Ô ÂfiÌÂÓÔ˜ ›Ó·Î·˜ ÌÂ ÙË ÌÔÓÔÙÔÓ›· ÙË˜ 
f, ·fi ÙËÓ ÔÔ›· Ê·›ÓÂÙ·È fiÙÈ f(x)<0 ÛÙÔ (1, 2).

£EMA 2Ô
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1
x+1

øim
x± 0

(x+1)2

1
x+1

øim
x± 0

x+1
(øn(x+1))′

øim
x± 0

x+1
øn(x+1)

øim
x± 0

f(x)
øn(x+1)

øim
x± 0

øim
x±0

øim
x± 0+

x
x+1øim

x±+∞
x

x+1øim
x± 0+

x
x+1

1
f(x)—1

1
f(x)—1

1
1—1

1
f(1)—1

1
2

1

1

1
2

x
f′

f

1
— +

2

0
0

0

Í

f(Í)

x

1
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·. f(2) = = = —2—2i

ÔfiÙÂ| f(2)|=   (—2)2 + (—2)2 = 2 ü

‚. E›Ó·È [f(2)]2 = (—2—2i)2= 4 + 8i — 4 = 8i

[f(2)]4 = (8i)2 = 64i2 = —64       Î·È 

[f(2)]2004 = {[f(2)]4}501 = —64501 

ÕÚ·, Ô f(2) Â›Ó·È Ú·ÁÌ·ÙÈÎfi˜ ·ÚÈıÌfi˜

Á. MÂ ÙËÓ ·ÓÙÈÎ·Ù¿ÛÙ·ÛË ÙÔ˘ f(z) ÛÙÔ 1Ô Ì¤ÏÔ˜, ÌÂÙ¿ ÙÈ˜ Ú¿ÍÂÈ˜ ÚÔÎ‡ÙÂÈ 

ÙÔ 2Ô Ì¤ÏÔ˜.

) ) =) )=) )=) )=|£     z|=|z|.

‰. AÓ ı¤ÛÔ˘ÌÂ M(x, y), ÙfiÙÂ f(z) = x+ iy, ÔfiÙÂ ÌÂ |z| = 1 ·fi ÙÔ (Á) 

ÂÚÒÙËÌ· Â›Ó·È ‰È·‰Ô¯ÈÎ¿:

) ) = 1

‹  |f(z)—2|= |f(z)+i|

‹  |x + iy—2|= |x + iy+i|

‹  |(x—2) + iy|= |x + i(y+1)|

‹  (x—2)2 + y2 = x2 + (y+1)2

‹  —4x—2y + 3 = 0, Ô˘ ··ÓÙ¿ÂÈ ÛÙÔ ÂÚÒÙËÌ·

·. i. °È· x=0 ¤¯Ô˘ÌÂ:

∫ dt = 0

EÂÈ‰‹ >0, ÁÈ· Î¿ıÂ t∈ R, ı· Â›Ó·È f(0) = 0. ¶Ú¿ÁÌ·ÙÈ

* ·Ó Â›Ó·È f(0) > 0, ÙfiÙÂ,      ∫ dt > 0,    ¿ÙÔÔ.

* ·Ó ¿ÏÈ f(0) < 0, ÙfiÙÂ,      ∫ dt < 0,    ¿ÙÔÔ.1
1+t2

f(0)

0

1
1+t2

f(0)

0

1
1+t2

1
1+t2

f(0)

0
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ii. ŒÛÙˆ x1, x2∈ R ÌÂ x1<x2. AÓ ‹Ù·Ó f(x1)ùf(x2) ÙfiÙÂ:

∫ dtù0 ⇔  ∫ dt + ∫ dt ù0

⇔ ∫ dt ù —∫ dt

⇔ ∫ dt ù∫ dt  ⇔ x1ùx2 ¿ÙÔÔ.

ÕÚ·, f(x1)<f(x2), Ô˘ ÛËÌ·›ÓÂÈ fiÙÈ Ë f Â›Ó·È ÁÓËÛ›ˆ˜ ·‡ÍÔ˘Û·.    

‚. H ·Ó›ÛˆÛË ÁÚ¿ÊÂÙ·È ∫ dt > ∫ dt    (1)

Afi ÙËÓ ˘fiıÂÛË Ë (1) Â›Ó·È ÈÛÔ‰‡Ó·ÌË ÌÂ ÙËÓ  f(Î2+2)>f(3Î) Î·È

·ÊÔ‡  Ë f Â›Ó·È ÁÓËÛ›ˆ˜ ·‡ÍÔ˘Û·, ÌÂ ÙËÓ 

Î2 +2>3Î    ⇔ Î2—3Î+2>0    ⇔ Î<1 ‹ Î>2. 

1
1+t2

f(f(3Î))

0

1
1+t2

f(f(Î2+2))

0

1
1+t2

f(x2)

0
1

1+t2

f(x1)

0

1
1+t2

0

f(x2)
1

1+t2

f(x1)

0

1
1+t2

f(x1)

0
1

1+t2

0

f(x2)
1

1+t2

f(x2)

f(x1)

Á. E›Ó·È = = ∫ dt

MÂ ÙËÓ ·ÓÙÈÎ·Ù¿ÛÙ·ÛË f(x)= u, Â›Ó·È

f(x) = f(0) = 0 

‰ËÏ·‰‹ u±0 Î·È ÙÔ ÙÂÏÂ˘Ù·›Ô fiÚÈÔ Á›ÓÂÙ·È:

∫ dt
(2)

H g(u) = ∫ dt, u∈ R, Â›Ó·È Û˘ÓÂ¯‹˜, ˆ˜ ·Ú·ÁˆÁ›ÛÈÌË, ¿Ú·

g(u) = g(0) ⇔ ∫ dt = ∫ dt = 0.

ŒÙÛÈ, ÙÔ fiÚÈÔ (2) Â›Ó·È ÙË˜ ÌÔÚÊ‹˜ Î·È ·fi ÙÔÓ Î·ÓfiÓ· De L’ Hospital 

ÚÔÎ‡ÙÂÈ

∫ dt
=

s∫ dtd′= = 1

ÔfiÙÂ f ′(0)= 1.   

1
1+u2
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u
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øim
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0
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1
1+t2
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øim

u±0

1
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u
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1
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øim
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øim
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1
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A. i. £ÂˆÚ›·

ii. § — § — ™

B. i. £ÂˆÚ›·

ii. § — §

·) EÊ·ÚÌfi˙Ô˘ÌÂ ÙÔ £ÂÒÚËÌ· ÙÔ˘ Rolle ÁÈ· ÙËÓ f ÛÂ Î·ı¤Ó· ·fi Ù· 

‰È·ÛÙ‹Ì·Ù· [x1, x2], [x2, x3], ÔfiÙÂ ˘¿Ú¯Ô˘Ó Í1, Í2 ÌÂ Í1∈ (x1, x2),

Í2∈ (x2, x3) ÒÛÙÂ f ′(Í1)=0 Î·È f ′(Í2)=0 . E›Ó·È Ê·ÓÂÚfi fiÙÈ  Í1< Í2. 

EÂÈ‰‹ f ′(x) = 3x2 + 2·x + ‚ Ë f ′ ˆ˜ ‰Â˘Ù¤ÚÔ˘ ‚·ıÌÔ‡ ¤¯ÂÈ ÙÔ ÔÏ‡ ‰‡Ô 

Ú›˙Â˜, Ù· Â›Ó·È Í1< Í2 Â›Ó·È ÌÔÓ·‰ÈÎ¿ Î·È ÂÎ·Ù¤ÚˆıÂÓ ÙÔ˘˜ Ë f′ ·ÏÏ¿˙ÂÈ 

ÚfiÛËÌÔ, ¿Ú·, Ë f ·ÚÔ˘ÛÈ¿˙ÂÈ ·ÎÚfiÙ·Ù· Û’ ·˘Ù¿.

£EMA 2Ô
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‚) Afi ÙÔ (·) ÂÚÒÙËÌ· Ë f ′(x) = 3x2 + 2·x + ‚ ¤¯ÂÈ ‰‡Ô Ú›˙Â˜ ¿ÓÈÛÂ˜, ÙÈ˜

Í1< Í2 . ŒÙÛÈ Ë ‰È·ÎÚ›ÓÔ˘Û¿ ÙË˜ Â›Ó·È ıÂÙÈÎ‹:

¢ > 0 ⇔ 4·2 —12‚>0 ⇔ ·2>3‚  

Á) E›Ó·È f′′ (x) = 6x + 2·, ÔfiÙÂ 

f ′′ (Í1) + f ′′ (Í2) = 6Í1 + 2· + 6Í2 + 2·

= 6(Í1 + Í2) + 4· Vieta : Í1 + Í2 =—

= 6(— ) + 4· = 0

‰) EÂÈ‰‹ f ′(Í1) = f ′(Í2) = 0, ·fi ÙÔ ıÂÒÚËÌ· ÙÔ˘ Rolle ÁÈ· ÙËÓ f ′ ÛÙÔ 

‰È¿ÛÙËÌ· [Í1, Í2], ˘¿Ú¯ÂÈ x0∈ (Í1, Í2) ÌÂ f′′ (x0)= 0. EÂÈ‰‹ Ë 

f′′ (x) = 6x + 2· Â›Ó·È ÚÒÙÔ˘ ‚·ıÌÔ‡, ÂÎ·Ù¤ÚˆıÂÓ ÙÔ˘ x0 ·ÏÏ¿˙ÂÈ 

ÚfiÛËÌÔ, ¿Ú· ÁÈ· x = x0 Ë f ¤¯ÂÈ ÛËÌÂ›Ô Î·Ì‹˜ ÙÔ (x0, f(x0)).

¶ÚÒÙ· ‚Ú›ÛÎÔ˘ÌÂ ÙÔÓ Ù‡Ô ÙË˜ f(x). E›Ó·È: 

f(x) = = 

= = 

·) f(x) = 1— 2 = 1— 2 = 0

f(x) = 1— 2 = 1— 2 = 0

‚) H ˘fiıÂÛË Zz+1Z>Zz—1Z ‰›ÓÂÈ Z· +i‚+1Z>Z· +i‚—1Z ‹

(·+1)2+‚2   >    (·—1)2+‚2 ⇔ ·>0

H f ·Ú·ÁˆÁ›˙ÂÙ·È ÛÙÔ R ÌÂ ·Ú¿ÁˆÁÔ

4·
xøim

x±—∞
4·x
x2øim

x±—∞
øim

x±—∞

4·
xøim

x±+∞

4·x
x2øim

x±+∞
øim

x±+∞

—4·x
x2+·2+‚2

(x—·)2+‚2—[(x+·)2+‚2]
x2+·2+‚2

Zx—·—i‚Z2—Zx+·—i‚ Z2Zx—zZ2—Zx+£z                  Z2
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ii) H ÂÍ›ÛˆÛË y = f(x) ‰›ÓÂÈ:

y 3 + y = x + 2 ⇔ x = y 3 + y — 2,    y∈ R

ÔfiÙÂ, ·fi ÙËÓ ÌÔÓ·‰ÈÎfiÙËÙ· ÙË˜ Ï‡ÛË˜ x, ÚÔÎ‡ÙÂÈ fiÙÈ Ë f Â›Ó·È “1—1” 

Î·È ¿Ú·, ¤¯ÂÈ ·ÓÙ›ÛÙÚÔÊË ÙËÓ:

f -1(x)= x3 +x — 2,  x∈ R.

iii)EÂÈ‰‹ f -1(0)= —2   Â›Ó·È ÈÛÔ‰‡Ó·Ì·: f(—2) =0.

B. H f′(x) = Â›Ó·È ·Ú·ÁˆÁ›ÛÈÌË ÛÙÔ R, ˆ˜ ÏfiÁÔ˜ ·Ú·ÁˆÁ›ÛÈÌˆÓ 

Û˘Ó·ÚÙ‹ÛÂˆÓ ÌÂ :                     f′′ (x) = 
—6f′(x)?f(x)
[3f2(x)+1]2

1
3f2(x)+1

f′(x) = —4· = —4·

‹                        f′(x) = 4· , ·>0

TÔ ÚfiÛËÌÔ ÙË˜ f′ ÌÂ ÙË ÌÔÓÔÙÔÓ›· Î·È Ù· ·ÎÚfiÙ·Ù· ÙË˜ f, Ê·›ÓÔÓÙ·È ÛÙÔÓ 

ÂfiÌÂÓÔ ›Ó·Î·:

fiÔ˘,                 M = f(—  ·2+‚2) = ,       ÌÂ M>0 

TÔ Û‡ÓÔÏÔ ÙÈÌÒÓ ÙË˜ f Â›Ó·È Ë ÂfiÌÂÓË ¤ÓˆÛË ‰È·ÛÙËÌ¿ÙˆÓ

f(R) = ( f(x), f(—  ·2+‚2)] : [f(   ·2+‚2), f(—   ·2+‚2)] : [f(   ·2+‚2), f(x))

= (0, M] : [—M, M] : [—M, 0) = [—M, M]

ÕÚ· Ë f ¤¯ÂÈ ÔÏÈÎfi Ì¤ÁÈÛÙÔ ÙÔÓ ·ÚÈıÌfi M Î·È ÔÏÈÎfi ÂÏ¿¯ÈÛÙÔ ÙÔÓ —M.

Á) °È· ·>0 ÛÙÔ ÚÔËÁÔ‡ÌÂÓÔ ÂÚÒÙËÌ· ‚Ú‹Î·ÌÂ f(R) = [—M, M]

‹ f(R) = f— , g
ŸÌÔÈ· ÁÈ·  ·<0 ÚÔÎ‡ÙÂÈ  f(R) = f ,— g.

T¤ÏÔ˜, f(x) = 0 ⇔ = 0 ⇔ x = 0, ‰ËÏ·‰‹ Ë f ¤¯ÂÈ ÌÔÓ·‰ÈÎ‹ Ú›˙· x=0

A. i) EÂÈ‰‹ f′(x) = Â›Ó·È 3f′(x)f 2(x) + f′(x) =1 ‹

[f 3(x) + f(x)]′ = (x)′ ⇔ f 3(x) + f(x) = x + c

H ÙÂÏÂ˘Ù·›· ÈÛfiÙËÙ· ÁÈ· x=0 ‰›ÓÂÈ c=2 ÔfiÙÂ f 3(x) + f(x) = x + 2
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EÂÈ‰‹ f′(x)>0 ÙÔ ÚfiÛËÌÔ ÙË˜ f′′ ÂÍ·ÚÙ¿Ù·È ÌfiÓÔ ·fi ÙËÓ f(x). H f(x) 

Â›Ó·È ÁÓËÛ›ˆ˜ ·‡ÍÔ˘Û· Î·È ·fi ÙÔ A.iii) ¤¯ÂÈ Ú›˙· ÙÔ —2. ŒÙÛÈ:

ÌÂ x <—2 Â›Ó·È f(x) < f(—2) ⇔ f(x)<0 ⇔ f′′ (x)>0

ÌÂ x >—2 Â›Ó·È f(x) > f(—2) ⇔ f(x)>0 ⇔ f′′ (x)<0

TÔ ÚfiÛËÌÔ ÙË˜ f′′ ÌÂ ÙËÓ Î˘ÚÙfiÙËÙ· ÙË˜ f Ê·›ÓÔÓÙ·È ÛÙÔÓ ÂfiÌÂÓÔ ›Ó·Î·.

H f ¤¯ÂÈ ÛËÌÂ›Ô Î·Ì‹˜ ÙÔ (—2, 0)

°. TÔ ˙ËÙÔ‡ÌÂÓÔ ÂÌ‚·‰fiÓ E ÈÛÔ‡Ù·È ÌÂ ÙÔ ÔÚÈÛÌ¤ÓÔ ÔÏÔÎÏ‹ÚˆÌ·

E = ∫ Zf(x)Zdx =  ∫ f(x)dx                [xù—2 ⇔ f(x)ù0]

£¤ÙÔ˘ÌÂ f(x) = u ⇔ x = f -1(u) ÙfiÙÂ 

dx = [f -1(u)]′du = (u 3+u—2)′du = (3u2 +1)du

T· Ó¤· ¿ÎÚ· ÔÏÔÎÏ‹ÚˆÛË˜ Â›Ó·È Ù· f(0)= 1, f(—2)= 0.

TfiÙÂ

E = ∫ u(3u2 +1)du =  ∫ (3u3 +u)du = f + g = Ù.Ì. 
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